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Construct open system response functions using Resonant States (QNMs)

Maxwell electromagnetic equation : Outgoing boundary conditions
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Response function : G
Resonant States : | W)
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Construct the response operator G (Green’s “function”)
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Three important problems must be resolved :

1) Render (¥, |[ wl ] |\Pa) well defined (normalization)

2) Determine the non-resonant contribution G, . ?

3) Truncate the RS expansion (L, finite) in a meaningful manner



Why are Resonant States scalar products, (lPa|f|WB), problematic ?

Gamow theory a-decay
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Complex energy : E, = E'; + iE",

‘... for the running wave the amplitude in the
direction of the diverging wave will increase. This
means nothing more than that if the vibrations are
damped at the source of the wave, the amplitude
of the wave segment that left earlier must be
larger.”

Dielectrics light scatterering
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“Whispering gallery” resonances
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Gaussian regu

larization for RS scalar products :
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Dispersion materials are particularly challenging
But we can formulate response functions !
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Conclusion : RS Spectral expansions work !

But handle with care ! (non-resonant states, corrected normalizations, ...)
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Lorenz(1890)-Mie(1908) theory
“Exact” response functions of a spherical scatterer

T-matrix coefficients
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Lorenz-Mie coefficients
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Gustav Mie (1868-1957) “Contributions to the Optics of Turbid Media, particularly of colloidal metal solutions”
Translation (Royal Aircraft Establishment (1976). (1908)

Ludvig Lorenz (1829-91) “Light scattering and reflection by a transparent sphere (surface)”
in Oeuvres scientifiques de L. Lorenz. 1898, p 403-529 (1890).



Explain physical phenomena using RS (QNMs) with well-defined normalizations
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The problem of spectral RS expansion convergence
(case of a gold sphere)
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Solving the spectral convergence problem
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Response of dispersive gold sphere — Dispersion models
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Conclusion : Spectral expansions work !

But handle with care ! (non-resonant states, corrected normalizations, ...)
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The regularization technique remains valid even for
complex K and k where integrals diverge for large r
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For a sphere there are exact expressions for RS normalization
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lim
n-0

1

Gaussian vs PML regularization scheme
“Killing Mie softly’ - Regularization !

R — (19| dr = % @ + §() —nln + DA — hn(D5(2)
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Path of real r

"PML’ path in the complex plane
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What is the “secret” to analytic results ?
“Killing Mie softly’ - Regularization !
” 1 [5@)] +2(2) — n(n + DhE() — h$" @)é(2)
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Some more resonant state history

Thomson modes (1884)

Outgoing modes of a perfectly conducting sphere
are associated with complex frequencies

s
Wq = Wgq — lYq

J. J. Thomson, Proceedings of the London
Mathematical Society 1.1 (1883)

Lamb (1900)

Exponential catastrophe avoided
by causality

H. Lamb, Proceedings of the London
Mathematical Society 1.1 (1900)

Modal Expansion of the Scattered Field: Causality, Non-Divergence
and Non-Resonant Contribution
R.Colom, et al ,Phys Rev. B, 98 , 085418, (2018).



‘Leaky’ cavities : open resonators

"Fox-Li’ modes : lasers

A. G. Fox and T. Li, "Resonant modes in an optical maser, "Proc.
IRE(Correspondence), vol. 48, pp. 1904-1905, November1960.
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Spatial divergence 1s a far field effect
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Normalization of eigenstates : numerical verification
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Orthogonalization of eigenstates
can be verified analytically for spherical scatterers !
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lim
n—-0

0

Extending the regular rules of integration
Distribution theory !
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o

Other techniques like PMLs offer efficient numerical
regularization of RS integrals

The PML technique puts a perfectly matched layer that damps
the exponential catastrophe inside the medium Q..
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= (0G.0) R )

E)q (?) -

Wgq

dlwe(@, w)]
W¥q) = f l dw

w=w
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dr =1
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Symmetries of the S-matrix coefficients
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The above formulas exactly reconstruct the analytic
Mie scattering results to arbitrary precision!

Electric modes Magnetic modes
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Resonant States (Quasi-Normal Modes)

Complex eigenstates of the time independent Maxwell equation
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RS/QNM are eigenstates with outgoing boundary conditions!

Electric dipole RSs frequencies satisfying
outgoing boundary conditions, w,R/c, are the
blue dots in the complex plane for a lossless
high index sphere while eigenvalues
satisfying incoming boundary solutions are
red dots

complex frequency plane
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Explain physical phenomena using RS (QNMs) with well-defined normalizations

o{® /mR? ~ R 2mR
s, (s |F]g) = 2, = o=

" A Jy (eE? — H?) dr=1.05-:0.072

Egocentric physics : Just about Mie,, * ’
Stout et al, EPL 119(4), 44002(7), (2017). -5/




Maxwell equations can be written 1n a single equation 15 order equation
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Time harmonic Maxwell equation !
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Spectral expansion of response functions

Time-harmonic equation of motion :  wl,|¥,) — L|¥,) = ilj,)

we Ly, |We) — LI¥,) = 0 Wy) = G(w)]jy)

Spectral expansion of the Green’s function :
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Resonant states correspond to S and T- matrix poles:
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Orthogonalization and normalization relations

0 VX)

Regularization insures that the symmetric operator: L = ic (V < 0

Operates in a symmetric manner on the RS states : (LW, |¥,) = (¥, |L¥,)

Given the RS equation one obtains the following “orthogonality relation” for resonant states :
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RS normalization for a dispersive medium particles :
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Regularization of the inner product

Regularization renders inner products, (¥, |¥,) well defined :

Bra : <Wa’| = Ea/ hal) Ket: I‘Va(‘l”)) - <Tl)a>

Inner product : (%,I%):fﬁ(gw(ﬂ B @) (ea(r))

Developing the field on a multipole basis the Gaussian regularization can be
reduced to regularizing integrals of spherical Hankel functions that integrated to infinity.
We obtain analytical integrals of the form :
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Explain physical phenomena using RS (QNMs) with well-defined normalizations

crl(e)/nR2 .
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Egocentric physics : Just about Mie,,
Stout et al, EPL 119(4), 44002(7), (2017).



Disperson models for real metals (Gold)

Drude model Drude-Lorenz model
2
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Spectral expansions of the S, ,(w) and T, ,(w) functions for spherical scatterers
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T-matrix (Mie) residues are determined by RS normalization !
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Non-resonant term ! resonant state spectral expansion
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